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Fig. 1. Our novel three-way coupling method can simulate the dynamics of surface-tension-dominant contact between solid and liquid, including static
contact between a steel paperclip, cherries sitting on top of water, autumn leaves floating and rotating in a brook, and a water strider robot actuated by its
joints.

We propose a novel three-way coupling method to model the contact interac-
tion between solid and fluid driven by strong surface tension. At the heart of
our physical model is a thin liquid membrane that simultaneously couples to
both the liquid volume and the rigid objects, facilitating accurate momentum
transfer, collision processing, and surface tension calculation. This model is
implemented numerically under a hybrid Eulerian-Lagrangian framework
where the membrane is modelled as a simplicial mesh and the liquid vol-
ume is simulated on a background Cartesian grid. We devise a monolithic
solver to solve the interactions among the three systems of liquid, solid, and
membrane. We demonstrate the efficacy of our method through an array of
rigid-fluid contact simulations dominated by strong surface tension, which
enables the faithful modeling of a host of new surface-tension-dominant
phenomena including: objects with higher density than water that remains
afloat; ‘Cheerios effect’ where floating objects attract one another; and sur-
face tension weakening effect caused by surface-active constituents.
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1 INTRODUCTION
Interactions between solids and fluids driven by the strong interfa-
cial capillary forces are seen ubiquitously, especially in a miniature
environment. Examples include small insects walking on a pond
surface, autumn leaves floating and swirling in a brook stream,
breakfast cereal clumping together in a bowl of milk, and many
other small-scale interactions between creatures, plants, and their
living aquatic environment (see Fig. 1). These phenomena’ most
appealing visual aspects are their largely curved and bent liquid
surface, the floating and swaying objects, and the intricate and often
unstable balance between the object and the liquid surface. Even a
small wrinkle on the water surface might cause the floating object to
sink. These surface-tension-driven phenomena have been drawing
attention from both theoretical and experimental fluid mechanics
[Fitzpatrick 2017; Janssens et al. 2017; Navascues 1979; Popinet 2018],
motivating new design of various miniature biomimetic robots [Hu
et al. 2010; Ozcan et al. 2014; Song and Sitti 2007; Suhr et al. 2005],
and inspiring artistic creations of many beautiful photographs and
slow-motion videos.
The most salient feature of such a strongly coupled solid-fluid

system is the feasibility of holding an object on a liquid surface
whose density is significantly higher than the fluid underneath. For
example, the density of a steel paperclip can be as high as 8 times
as that of water. The underpinning governing physics lies in the
additional curvature force that contributes to balancing the body’s
gravity in the vertical direction. As illustrated in Figure 2, for a solid
object sitting on a surface-tensioned water surface, its force balance
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Fig. 2. Solid and fluid interaction. The solid circle stays afloat on the water
under the equilibrium among gravity force <6, buoyancy force f1 , and
capillary force f0 .

can be understood as an equilibrium among three forces: <Ag =

f0 + f1 , with the body’s gravity force<Ag, the water’s buoyancy
force f1 , and the water surface’s capillary force f0 . The buoyancy
force’s effect is deduced by integrating the fluid pressure over the
body in contact with water, and the capillary force is calculated by
integrating the surface tension along the contact perimeter of the
body.
From a computational perspective, accurately modeling the in-

teraction among these three forces requires proper treatment of
three subsystems — the liquid body, the solid body, and the strongly
tensioned liquid interface between them. However, in both the com-
putational physics and the computer graphics communities, the
problem of simulating a strongly coupled surface-tension-dominant
contact process remains largely unexplored, due to the lack of ef-
fective computational tools to precisely simulate the interactions
among the three subsystems. The mainstream numerical paradigms
of using an implicit level-set method to model the free-surface flow
and its interaction with a Lagrangian solid systems [Batty et al. 2007;
Carlson et al. 2004; Robinson-Mosher et al. 2008] suffer from limita-
tions in the following three aspects: First, capturing the liquid-solid
contact perimeter is difficult for an implicit geometry representation.
Second, using an implicit surface to calculate the curvature as well
as the fine-scale capillary wave propagation on the interface is less
accurate compared with an explicit mesh representation. Third, this
further adds difficulty in building a monolithic system to accurately
couple the two systems, especially when the interface dominates the
dynamics. In a conventional two-way coupled system, the solid and
fluid systems interact with each other via an (implicitly) transferred
momentum term between the liquid volume and the solid volume
(e.g., see [Robinson-Mosher et al. 2008]). The surface tension force
on the interface contributes to the coupling mechanics by enforcing
a pressure jump on the liquid’s boundary, which (indirectly) affects
the solid’s dynamics by changing the liquid pressure. There is no
direct pathway to bridge the liquid interface and the solid, which
makes it infeasible to model the term of f0 that is essential for a
surface-tension-dominant contact process.
To tackle these computational challenges, we propose a novel

“three-way” coupling mechanism to model a solid-fluid coupling
system driven by strong surface tension. Our key innovation is to
treat the surface-tension-dominant interface as a Lagrangian thin

Fig. 3. Sphere Falling into Water. Due to the mesh representation of the
thin liquid membrane, we obtain fine-scale wave propagation stimulated
by the solid’s motion.

membrane that is simultaneously coupled with both the liquid vol-
ume and the solid object. Under this new Lagrangian perspective,
the interface is no longer an infinitely thin numerical carrier to
transfer the surface tension force from the boundary to the interior;
instead, it is a “virtual” liquid membrane with a finite, small thick-
ness that can directly impose both buoyancy and surface tension
forces onto its contacting objects. In this sense, the two-way coupled
system now becomes a three-way coupled one, with an additional
thin liquid layer separating the liquid bulk and the solid. Thanks to
the Lagrangian nature and its explicit mesh representation of the
additional liquid membrane, various physical forces can be effec-
tively discretized and enforced in the coupled evolution of both solid
and fluid volume. We develop a full set of numerical infrastructures
centered around this “three-way” coupling idea to comprehensively
accommodate the treatments of incompressibility, buoyancy, surface
tension, rigid articulation, and their various intricate interactions.
One significant characteristic of our numerical solution is its abil-
ity to handle the coupling between liquid and high-density-ratio
solid systems, which was infeasible for all the previous methods.
In particular, our simulator can accurately reproduce the surface-
tension-dominant floating phenomena of various thin objects, such
as paperclip, thin shell boat, pushpin etc., all implemented with their
physical densities (with the maximum density ratio up to 8—the
density ratio of iron to water).

We summarize our technical contributions as follows:
• A novel Lagrangian thin membrane representation to accu-
rately capture the contacting interactions between solid and
fluid driven by strong surface tension.

• A monolithic coupling framework satisfying all velocity and
position constraints while conserving momentum.

• A prediction-correction contact handling scheme to accu-
rately process fluid-solid contact with realistic physical pa-
rameters.

2 RELATED WORKS
Solid-Fluid Coupling. State-of-the-art solvers typically use the

Eulerian method for fluid and the Lagrangian method for solid,
and the coupling between them is usually done by using the solid
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velocity as a �uid boundary condition and integrating the pres-
sure on the interface. G'enevaux et al. [2003] use a simple scheme
to integrate �uid and solid separately with a coherent-behavior-
guaranteed interface force as interaction. Guendelman et al. [2005]
follow a similar idea but use the predicted displacement of solid
as the velocity boundary constraints in the projection step. These
kinds of weak-coupling methods usually lead to limited stability and
accuracy, which can be largely solved by monolithic strong coupling
methods, i.e., integrating �uid and solid in one system. The �rst fully
implicit stable �uid-rigid two-way coupling solver is presented by
Chentanez et al. [2006], who combine the �uid pressure projection
equation with velocity update equation of deformable bodies into
one asymmetric linear equation. Batty et al. [2007] introduce an
SPD (symmetric positive de�nite) equation to solve the coupling
between �uid and rigid body by considering kinetic energy mini-
mization. Robinson-Mosher et al. [2008] further make the coupling
system to conserve momentum by using a momentum conservation
equation for the �uid-body-mixed cells instead of directly interpo-
lating the pressure on the grid to compute forces and torques on the
interface. Robinson-Mosher et al. [2011] further make the equation
in [Robinson-Mosher et al. 2008] SPD by using algebraic transfor-
mations. Robinson-Mosher et al. [2009] use Lagrangian multipliers
method to make the boundary condition be free-slipping, which
means only the normal component of the velocity is constrained.
Zari� and Batty [2017] generalize the cut-cell method into the cou-
pling system, managing to achieve free-slipping boundary condition
without Lagrangian multipliers by rewriting the incompressible con-
dition in the �uid-body-mixed cells, and also make it SPD. Hyde
and Fedkiw [2019] generalize the method in �uid-solid coupling to
�uid coupling with sub-grid solids. Aanjaneya [2018] develops an
e�cient solver to accelerate the �uid-rigid coupling.

Surface Tension.Surface tension is important for the simulation
of free-surface �uid. It can be represented in di�erent ways depend-
ing on the discretization methods. From an Eulerian point of view,
surface tension can be described as pressure discontinuity across
the interface between di�erent phases. From a Lagrangian point
of view, surface tension can be accommodated as forces between
surface particles. Surface tension can be treated either explicitly
or implicitly. Implicit treatment often provides better numerical
stability. Kang et al. [2000] extend the ghost �uid method (GFM)
to treat multi-phase incompressible �ow including the e�ects of
surface tension. Wang et al. [2005] use surface tension as an explicit
boundary condition in the projection step, and use a virtual level
set surface penetrating solid to simulate the contact angles of water
drops. However, these explicit surface tension treatments will cause
instability when surface tension is dominating the scene, such as for
the simulation of bubbles. Zheng et al. [2009] propose a semi-implicit
surface tension method based on the level set method, by consid-
ering the advection of the surface curvature using velocity spatial
divergence on the surface, to produce realistic bubble dynamics.
Sussman and Ohta [2009] use a notably di�erent scheme by solving
a volume-preserving equation based on mean curvature instead of
deriving surface tension formulation. Chen et al. [2020] propose an
extended cut-cell method for handling liquid structures with surface
tension that are smaller than a grid cell. Compared to the grid-based

methods, Lagrangian surface tension exhibits its computational mer-
its for its explicit geometry discretization. There are mainly two
categories of Lagrangian methods. Mesh-based methods with con-
nectivity information de�ne the di�erential operators on a mesh
node and its incident triangles. Zhang et al. [2011] simulate droplets
on a surface mesh using deformation operators. Batty et al. [2012]
model thin viscous sheets with the single-layer mesh with thickness.
Da et al. [2015] model complex bubble structures with a Lagrangian
non-manifold triangle mesh and integrate the surface tension into
vertex-based circulations. Da et al. [2016] develop a surface-only
simulation framework that adapts a general 3D �uid solver onto
the surface mesh. Ishida et al. [2017] replace the curvature with the
gradient of the surface area function, to handle the non-manifold
junctions of �lms and bubbles robustly. Lagrangian representations
of surface tension are also easier to be treated implicitly. Schroeder
et al. [2012] developed a hybrid framework that formulates implicit
surface tension force on a Lagrangian mesh and carries out the
pressure solve on background grid. Zheng et al. [2015] introduce an
implicit surface tension scheme based on the particle-constructed
surface tracking method. Zhu et al. [2015, 2014] propose a uni�ed
framework that simulates codimensional phenomena using codi-
mensional simplicial complexes. Surface di�erential operators can
also be approximated by pure particles. The traditional smoothed
particle hydrodynamics (SPH) method introduced by [Gingold and
Monaghan 1977] uses radial symmetrical smoothing kernels to ap-
proximate the di�erential operators. Other approximation methods
include graph Laplacian [Belkin and Niyogi 2008], local triangular
mesh [Belkin et al. 2009; Lai et al. 2013], closest point method [Che-
ung et al. 2015] and moving least squares [Lancaster and Salkauskas
1981; Wang et al. 2020].

3 PHYSICS MODEL
In this section, we will �rst go over the notation convention that we
use throughout this paper. Then we will describe the three physical
systems: volumetric �uid, surface membrane, and the rigid body.

Notation convention.We use plain text to denote scalar quantities
(e.g.,d), and boldface lowercase and uppercase letters to denote
vectors (e.g.,u) and matrices (e.g.,M) respectively. SubscriptsAand
Bare used to distinguish quantities between the rigid body and the
surface membrane, respectively. Quantities in their continuous or
discretized form are not explicitly distinguished.

Volumetric Fluid.The motion of the �uid is governed by the stan-
dard incompressible Navier-Stokes equations:

d¹
mu
mC

¸ u � r uº = �r ? ¸ ` r 2u ¸ f • (1)

r � u = 0• (2)

whereu is �uid's velocity; ? is the pressure;d and` are the �uid's
density and dynamic viscosity. We ignore viscosity in our algorithm
for simplicity. f denotes all body forces applied to the �uid. We en-
force the Neumann boundary constraintu�n = 0on wall boundaries
and the Dirichlet boundary constraint? = 0 on the free surface. At
the regions in contact with rigid bodies, we enforceu = ¤x, where¤x
is the velocity of the contact position on the rigid body.
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